Abstract. We give a short and elementary proof of the fact that every metric space of finite asymptotic dimension can be embedded into a finite product of trees.
The goal of this note is to prove the following theorem.
Theorem 1. Let X be a metric space with asymptotic dimension at most n. Then there exists a coarse embedding of X into a product of n + 1 trees. If X is proper, the trees can be chosen to be locally finite. showed that proper metric spaces can be coarsely embedded into a product of n + 1 binary trees. Using an ultralimit construction, Guentner, Tessera and Yu [GTY13 GTY13 , Proof of Theorem 4.1] used this to show that every metric space with asymptotic dimension at most n can be embedded into a product of (n+1)-many 0-hyperbolic spaces. This was used to show that spaces with finite asymptotic dimension have finite decomposition complexity.
The proof presented here is short and elementary. The idea on how the trees are constructed is based on the original proof of Dranishnikov.
We begin by recalling the notions from Theorem 1 Theorem 1.
Definition 2. A metric space X has asymptotic dimension at most n if for every r > 0 there exist f (r) ∈ R and families U 0 , . . . , U n of subspaces of X, such that
Any function f : (0, ∞) → R with the above property is called a control function for X. We call U 0 , . . . , U n an r-disjoint cover of diameter at most f (r).
Definition 3. Let f : X → Y be a function between metric spaces.
(1) f is uniformly expansive if there exists a non-decreasing function
(2) f is effectively proper if there exists a proper non-decreasing function
(3) f is a coarse embedding if it is both uniformly expansive and effectively proper.
From now on we fix a metric space X of asymptotic dimension at most n and a control function f with the additional property that f is non-decreasing and f (x) ≥ x. For a subspace V of X and r ≥ 0 we define by V r the r-neighborhood of V , that is,
Define g : N → R inductively by g(0) = 2 and
Note that g is non-decreasing and g(k) ≥ 2k.
Lemma 4. There exist
We define the covers inductively as follows. For k = 0, choose some 2-disjoint cover of diameter at most f (2).
For
k . This is done to ensure Property (2 2).
By induction we will show that each element in U j k has diameter at most 2f (g(k)). This is clear for U j 0 , since U j 0 = U j 0 which has diameter at most f (g(0)) by assumption. Since each V ∈ B(U ) has diameter at most 2f (g(k − 1)) + 2k − 2 ≤ 3f (g(k − 1)) and distance at most f (g(k − 1)) from U , we have W (U ) ⊆ U 4f (g(k−1)) . This implies that the diameter is at most f (g(k)) + 8f (g(k − 1)) ≤ 2f (g(k)). Furthermore, it follows that the cover U j k is 9 10 g(k) disjoint.
We have to show that U j k has the desired property. Suppose
implies V = V and we are done. If l < m, then V l ⊆ V be assumption, and hence
) and thus V ∈ B(U ) and V l ⊆ W (U ). Lemma 4, the constructed graph contains no cycles. That it is connected can be seen as follows. Given vertices U, U . Since U and U are bounded, there is k ∈ N such that U and U are both contained in B k (x 0 ). By enlarging k we can assume k = j mod n + 1. Hence there exists V ∈ U j k with B k (x 0 ) ⊆ V by Property (2 2) of Lemma 4
Lemma 4. It follows that both U and U are connected to V . If X is proper, the trees T j are locally finite.
be the element containing x.
Lemma 5. The map ϕ j : X → T j is uniformly expansive when T j is considered as a metric space with the l 1 -path metric.
m contain both ϕ j (x) and ϕ j (y) and let m be minimal with this property. Without loss of generality we can assume
These are the vertices in T j as depicted in the following figure:
X (x, y) + 4 and ϕ j is uniformly expansive.
We consider
. Now Theorem 1 Theorem 1 is implied by the following theorem.
T j is a coarse embedding.
Proof. We have already seen that ϕ is uniformly expansive. It remains to show that it is also effectively proper. Let k ∈ N and let x, y ∈ X be such that d(ϕ j (x), ϕ j (y)) ≤ k for each 0 ≤ j ≤ n. For every k ∈ N there is some 0 ≤ j ≤ n and U ∈ U j k with x ∈ U . Therefore, there is some j such that there exist numbers i 1 < . . . < i k < nk and elements U l ∈ U j i l with x ∈ U l for 1 ≤ l ≤ k. By the construction from Lemma 4
Lemma 4, we have U 1 ⊆ U 2 ⊆ . . . ⊆ U k , and, by the construction of T j , we have d T j (ϕ j (x), U k ) ≥ k. Therefore, ϕ j (y) ⊆ U k and d X (x, y) ≤ diam U k ≤ f (g(i k )) ≤ f (g(nk)). Define h : [0, ∞) → [0, ∞) by h(t) = 0 if t ≤ 2 and h(t) = max{k ∈ N | t ≥ f (g(nk))}. Then d(ϕ(x), ϕ(y)) ≥ h(d(x, y)), so ϕ is effectively proper.
